Problem formulation.
Let Q be a bounded domain of JR 3 and uj an open non-empty subset of Q. Consider the Lame system: tin-^u-(A+/2)Vdiv^= fx^ in Q x (0,T) u=0 on 9Qx(0,T) (1.1) u{x, 0) = Uo(x), Ut(x, 0) = Ui{x) in ^.
Here X, p, > 0 are the (constant) Lame coefficients, u = (14,^2^3) is the displacement, \^ denotes the characteristic function of the set uj and / = (/i, f^, f^) is the control.
Given (u^u,) e H = (^(")) 3 x (^(")) 3 and / € L 1 (o.T; (L 2^) ) 3 ), system (1.1) admits a unique finite energy solution {u.Ut)eC ([O^T}^H) .
(1.2)
One of the simplest control problems one may address for (1.1) is the so-called approximate controllability problem. It can be stated as follows: Is the set of reachable states dense in H?
This problem is equivalent to a unique-continuation problem for the adjoint uncontrolled system f (^-/2A^-(A+^)Vdiv^=0 in Qx(0,T) } (^=0 ' o n <9Qx(0,r). v ;
Namely, the problem may be reformulated as follows: Does the fact the solution y of (1.4) satisfies (p =0 ino; x (O.T) (1.5) guarantee that y '=. O? Using Holmgren^s Uniqueness Theorem it is easy to see that, if T is sufficiently large, this uniqueness property does indeed hold. Therefore, the approximate controllability property holds as well.
However, in applications, one is interested on controlling the system using the minimal amount of control. In this context it is therefore natural to impose the following constraint on the control /:
( 1.6) We are then trying to control the 3 ~ d system of elasticity by means of plannar forces.
One again, the problem of approximate controllability may be reduced to a uniqueness problem. However, this time we have the following partial information on y.^ =^2=0incc;x (0,T).
(1.7)
In other words, the condition (1.5) has to be replaced by the weaker one (1.7). Obviously, because of the lack of information on (^3, this uniqueness problem does not feet in the frame of the classical Cauchy problem. However, due to the boundary conditions (y? == 0 on 9Q x (0, T)) and the coupling of y?3 with (^i and (^2 through the system of PDE, one may still expect the uniqueness property to hold, at least for some geometries. But in any case, the problem under consideration is not of local nature. It is a global problem in which the geometry of the domain Q plavs a kev role.
JL
»/ t/ This type of problems arises naturally in the context of systems of PDE. We refer to [LiZ] for a closely related problem on the Stokes system.
The problem under consideration was addressed for the first time in [Z] . There it was proved if T > T* (with T* a minimal time that may be computed explicitly in terms of Q.o; and the Lame coefficients) the uniqueness problem (under the weaker information (1.7)) may be reduced to the following one, related to the eigensolutions of the Lame system:
[ )
The reduced uniqueness problem is as follows: Assume that the eigensolution ô f (1.8) has the particular structure below f ^i EE ^2 ^ 0 .
[ ^3 (.ri.^^s) =a(x^X2)+b{xs).
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Does this imply that ^ = O? In [Z] this uniqueness property was shown to hold generically with respect to the domain Q. More recently, in [SZ] it was proved that, in fact, this uniqueness property holds for any bounded Lipschitz domain Q.
It is interesting to compare this result with the 2 -d analogue. As we shall see in section 2, there are 2 -d polygonal bounded domains in which the corresponding uniqueness property fails to be true.
In section 3 we briefly describe some of the key ingredients of the proof of [SZ] and, in particular, we explain why exceptional Lipschitz domains may exist in dimension 2.
As we mentioned above, the problem we discuss in these notes is just an example of a large class of uniqueness problems for systems w-ith partial information on the data that arise naturally in the context of the control of vibrations and fluids. In section 4 we present some closely related open problems.
To close this introduction we would like to mention that this type of uniqueness problems arises also in other contexts. For instance, the problem we have discussed above appears when analyzing the decay of magneto-elastic waves. More generally, in a wide class of systems in thermo-elasticity, the thermal component induces some dissipation on the elastic ones. However, very often, this dissipation is partial in the sense that not all the components of the elastic part of the solution are dissipated. The existence of non-trivial equilibrium solutions leads naturally to the type of uniqueness problems we are considering here. The problem of the decay rate of solutions is much more subtle. At this respect we refer to [LZ] and to [BuL] where the analysis of how the polarization of singularities is reflected on the boundary plays a crucial role.
Discussion of the 2 -d problem.
Let Q be a bounded domain of ]R 2 and consider the Lame eigenvalue problem with Dirichlet boundary conditions
where y = ((^i, (^2) and ^ = ^ (x^x^) , j = 1, 2.
We look for solutions of (2.1) such that
t is then easy to see that a and b satisfy the following second order differential equations:
-^a" = 7^; -(A + 2^)6" = o^b. is a solution of (2.1) with 7 = 47^2/»; 2 . Moreover the boundary condition y |^n== 0 is satisfied if Q is the polygon:
Consequently, we deduce that, in space dimension 2, there are polygonal domains Q for which there are uniaxial eigenvibrations of the Dirichlet Lame system of the form (2.2).
Obviously, once such an eigensolution is built, u = e^y (^1,^2) provides a solution of the evolution Lame system, with Dirichlet boundary conditions, such that u\ =: 0 for all time.
As shown in [Z] these polygons are the only exceptional domains in which this kind of vibrations may exist. In particular, if domain ^ is of class C 1 , there are no non-trivial uniaxial vibrations for the 2 -d Lame system.
The 3-d problem.
Let now Q be a bounded domain of ]R 3 and consider the Lame system
(3.1)
Now y== (^1,^2^3) and ^ == (^(rr), j =1,2,3, x = (^1,^2,^3). We look for particular solutions of (3.1) of the form { (^i = (/;2 = 0 in Q {x} = a{x^X2) +b{x3) in Q. The problem may be reduced further. We can assume, without loss of generality, that u = y {xi, x^) -cos (y/^s) (3.6) but then (p = (p (x-^, x^) satisfies -A'y? = 7 2^ in 0 y = 1 on 90
More precisely, if y? is a solution of (3.7) with 7^0, then (3.6) provides a solution of (3.4) in the 3 -d domain Q = {(:ri, x^x^) : (xi,x^ C 0, -arccos(y?(:ri,:r2)) < \/T^3 < arc cos (y (^1,^2))} .
(3.8) Reciprocally, if u as in (3.6) satisfies (3.4), then (p satisfies (3.7) for a suitable cross section 0 of ^ parallel to x^ = 0.
In (3.7) and in the sequel, A' denotes the Laplacian in the variables x\ and x^. Before analyzing (3.7) it is interesting to study the corresponding 1 -d problem arising when Q is a 2 -d domain as in Section 2 above.
Obviously, for any 7 -=/ =-0, y (rci) = cos (7.3:1) satisfies
It is precisely the existence of the non-trivial solution y of (3.9) which allows to build (as in (3.8)) the polygonal domains of Section 2 for which there exist uni-axial vibrations in plannar elasticity.
Let us now go back to (3.7) when 0 is a bounded 2 -d domain.
The following result from [SZ] shows that the situation is rather different from what we have seen in the corresponding 1 -d problem.
Theorem 3.1 ( [SZ] ) Whatever the bounded Lipschitz domain 0 of JR 2 is, the unique solution of (3.7) is the trivial one, i.e. 7=0 and y = 1.
The proof of Theorem 3.1 uses the classical method of comparing the solution y of (3.7) with a reflected and translated function y?* at the point of contact by means of the maximum principle. The argument goes back at least to [M] .
As an immediate consequence of Theorem 3.1 the following holds: ,x^ +b(x3) , is the trivial one, i.e. y = 0.
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An then, as a consequence of Corollary 3.1 we get: Finally, as a consequence of Corollary 3.2, it follows that the unique solution of the evolution Lame system (1.4) such that (1.7) holds is the trivial one provided T > r*, T* being a minimal time that depends on f2,c<; and the Lame coefficients.
Open problems.

Quantitative results
We have seen that when f2 is a bounded, Lipschitz domain of 1R 3 , and T > 0 is large enough, the following uniqueness problem holds for the solutions of the Lame system (1.4): If y?i == ^ = 0 in uj x (0,r), then y ^ 0.
This shows that the quantity U T r >iV2 / [\^\ 2 +\^\ 2 }dxdt\ (4.1)
Juj )
defines a norm for the solutions of (1.4).
Assuming that Q is smooth enough, is it true that
with a constant C that is independent of the solution <p of (1.4) under consideration? If not, does a weaker version of (4.2) hold true if the left hand side is replaced by the norm in some negative Sobolev space H~8 7
Obviously, for (4.2) (or a weaker version of it) to be true a "geometric control condition" in the spirit of [BLR] needs to be imposed. Namely, if there is a ray of geometric optics that does not intersect uj in a time interval of length T, then (4.2) may not hold (not even in the weaker form mentioned above). This is due to the existence of gaussian beam solutions concentrated along rays as in [R] . (We refer to [LZ] for the analysis of gaussian beam solutions for the Lame system).
Accordingly, the problem (4.2) (or its weaker form) has to be analyzed for domains uj satisfying this kind of geometric control condition. At this respect, the results of [BuL] on the polarization of singularities may play a crucial role.
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Obviously, the same problems arise in space-dimension 2. Assuming that f> is not one of the exceptional polygonal domains described in Section 2 and that uj satisfies a geometric control condition, can we guarantee that a inequality of the following form holds
\\V\\^<C t [\^fdxdt?
JO Juj
Uniqueness under information on one component
When analyzing the controllability of the Lame system in 3 -d by uniaxial forces the following uniqueness problem arises naturally: If y is a solution of (1.4) such that
can we guarantee that (p ^ O? As far as we know, this problem has not been treated in the literature. For those domains Q and ci; in which this uniqueness property holds and under a natural geometric control condition, the next problem to be studied would be quantitavie version like those we have raised in section 4.1 but now replacing the right hand side of (4.2) by the weaker quantity / / y^dxdt. JO J uj
Uniqueness under information on the boundary traces
One of the most classical problems in Control Theory is the one in which the control acts on the system through the boundary of the domain. In this context, this gives rise to the following uniqueness problem. If y solves (1.4) and satisfies |-^Oo,,^(0,T),
can we guarantee that y = O? Once again, as far as we know, this problem is completely open. Quantitative versions of this problem may also be considered. The 2 -d analogue would be: If the solution (p = ((^i, ^2) of the 2 -d Lame system (1.4) is such that 9^/9^=0 on <9Q x (0,T), can we guarantee that y = O? Of course, this property fails for the exceptional polygonal domains described in section 2. But we do not know whether the property is true for other domains.
The same problem may also be formulated in 3-d. Is Q^/Qy = 0 on 9^1 x (0, T) sufficient to guarantee that y = O?
